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1 Introduction 

A compact Kahler manifold X is said to be an irreducible symplectic manifold 
when X is a simply connected and {X, Q'^ ) is generated by an everywhere 
non-degenerate holomorphic 2-form ax- We call such a holomorphic 2- form 
ax a symplectic form. Let F be a smooth cubic 4-fold and F{Y) the set 
of all lines contained in Y. F{Y) is said to be the Fano schemes of lines. 
Beauville and Donagi |B-Dj showed that F{Y) is an irreducible symplectic 
4-fold. Examples of irreducible symplectic manifolds are few. Most of them 
are constructed as the moduli spaces of stable sheaves on K3 surfaces or 
Abelian surfaces. 

Assume that a finite group G acts on F{Y). If G preserves a symplectic 
form aF{Y) then there exists a symplectic form a on the smooth locus of 
Xg '■= F{Y)/G. In general Xq has singular points. Let z/ : Xq — >■ Xq be 
a resolution of Xq- The symplectic 2-form a lifts to an everywhere non- 
degenerate 2-form on Xq if and only if the resolution v is crepant. If v is 
crepant, then Xq is also an irreducible symplectic 4-fold. The G-action on 
F{Y) is said to be a good action when G preserves ap{Y) and Xq has a 
crepant resolution. Can we find good actions on F{Y)1 When it is possible, 
what is Xg ? 

In this paper, we assume that G is a subgroup of the automorphism group 
PGL{5) of and G preserves Y. We study two examples of good actions on 
F{Y). In the first example, the resolution Xg is birational to the generalized 
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Kummer variety K'^{A) of an Abelian surface A. In the second one, Xq is 
birational to the 2-points Hilbert scheme Hilb^(S') of a K3 surface S. We 
have to investigate the G-action on symplectic forms on F(Y). The Abel- 
Jacobi map defines a Hodge isomorphism of type (—1,-1) from H'^{Y, C) to 
H\F{Y), C). Using the identification with and H\Y, n^), 

we can check whether G preserves the symplectic form or not (see Lemma 

El. 

In Section 3, we consider the first example, which was found by Namikawa 
( |Nam] . 1.7.(iv)). Let F be a smooth cubic 4- fold defined by 

{{zo : ■■■ : Z5) e F^lfizo, Zi, Z2) + g{z-i, ^4, 2:5) = 0}, 

where / and g are homogeneous cubic polynomials. In addition, we consider 
two elliptic curves defined by C := {(^o : ^\ '■ ^2) G P^l/l^o, ^i, ^2) = 0} and 
D := {(^3 : Z4 : ^5) G P^|5'(z3, ^4, ^5) = 0}. Assume that G is the cyclic group 
Z3 of order 3. The group G acts on Y in the following way : 

TL-p-Y 9 (zo : ■ ■ ■ : 2:5) ^ (2:0 : z^: z-i: (2:3 : C^4 : C^s) 



where C = exp(27rv— T/3). Xj^.^ has singularities of type A2 along C ^ D 
and is smooth otherwise. So has a crepant resolution X%.^ (Lemma l3. II) . 

is birational to K'^{C x D) for the elliptic curves C and Z) (Proposition 
13.21) . There is a natural birational map if) : X^^ K^{C x D) which is the 
Mukai flop on disjoint 18 copies of (Theorem 3.5). Furthermore when C 
and D are not isogenus, we found 2 more symplectic birational models Xi 
and Xii other than X^a and K'^{C x D) (Theorem EIII]). 

In Section 4, we consider the second example. Let y be a smooth cubic 
4-fold defined by {(^o z^) e P^l^jj + ■ ■ ■ + = 0}. Put 



M = i A = 



e PGL{5)\#{a, = 1} = #{j|a, = C} = 3 
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Let G be the finite group generated by M. Then G is isomorphic to 
and the G-action on F{Y) turns out to be good. Let E be the elliptic curve 
defined by {{zq : Zi : Z2) G ¥'^\zq + z\ + Z2 = 0}. Since E has a complex 
multiplication ( r\ E 3 x ^ (x, the Abelian surface E x E has the Z3 
action given hj r\ E x E 3 {x,y) i-^ {(x, ("^y) & E x E. This Z3 action 
on E X E preserves a symplectic form on E x E, and (E' x E)/'L^ has a 
crepant resolution S {E x E)/^,^. In particular S* is a K3 surface. We 
shall prove that Xq is birational to Ililb^(S') (Theorem 4.2). 
Acknowledgment. The author would like to thank Professor Namikawa 
for his advice. 
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2 Preliminaries 



In this section we prepare some facts needed later. 

2.1 On irreducible symplectic manifolds 

Let A be an Abelian surface and Hilb""^^(y4) the Hilbert scheme of {n + 1)- 
points on A. We define 

Sym"+^(A) := A"+V6„+i 

where &n+i is the (n + l)-th symmetric group. Let fi be the Hilbert-Chow 
morphism: 

fi : Hilb"+^(A) ^ Sym"+^(A). 

We define the map S : Sym"+^(A) — > A by S({a;i, ■ ■ -Xn+i}) '■= J2^=i Xi and 
consider the composite S o /x. We define : 

K"(A):=(So/,)-i(0). 

We call K'"{A) the generalized Kummer variety of A. K"'{A) is an irreducible 
symplectic manifold (^a|). We also define K'^^A) := S-i(O). K'^iA) is 
isomorphic to 

K'^iA) = {(Xi, ■ • ■ , Xn+l) e + ■ ■ ■ + Xn+1 = 0}/6„+i. 

For an elliptic curve C, we define 

K\C) ■. = {{pi,P2,P3} e Hilb=^(C)bi +P2 +P3 = 0}. 

Notice that K'^{C) is isomorphic to P^. 

2.2 Fano schemes 

We collect some facts for Fano schemes needed later. Let F be a smooth 
cubic 4-fold. Define 

F{Y) := {/ C Y\l = F\ deg / = 1}. 

F{Y) is known to be a smooth projective variety of dimension 4. Furthermore 
we have the following theorem. 

Proposition 2.1 (Beauville-Donagi |B-Dj ) . The notation being as above, 
F{Y) is an irreducible symplectic manifold. F{Y) is deformation equivalent 
to the Hilbert scheme Hilb^(S') of 2- point on a K3 surface S. 
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The following relation between H^{Y,C) and H'^{F{Y),C) is important 
to us. 

Lemma 2.2 ( |B-Dj ) . Let C be the universal family of lines: 

C:={{l,y)eF{Y)xY\l3y}. 

Let p and q be the projections from C to F{Y) and Y respectively. We define 
the Abel-Jacobi map a by 

a : H\Y, C) ^ H\FiY), C), a{uj) := p.q^uj). 

Then a is a Hodge isomorphism of type (—1, — 1). 

Let {zo : . . . : z^) be the homogeneous coordinates of P^, and fyi^o, . . . , 2:5) 
the defining polynomial of Y. Let Res : H^{F^ -Y,C) H'^iY, C) be the 
residue map. By Lemma[2I21 we have a{H\Y, fi^.)) = H'^(F{Y), fi^(y)). Re- 
call that ifi(F,fif.) is generated by Resj^ ( [Grl] ), where = T^^^oi-lYzidzoA 

■ ■ - dzi - ■ ■ A dz^. From these arguments, we get the following commutative 
diagram: 

H\Y,C) ^H\F{Y),C) 

H\Y,n^)^H^iFiY),nl^y^) 

C{Res^) ^ CiapiY)). 

2.3 Group actions on F{Y) 

Let PGL{5) be the automorphism group of P^, and G a finite subgroup of 
PGL{5). We assume that G preserves Y. We need a criterion for the action 
preserving the symplectic form. 

Let us consider the induced action G"^F(F). Since the Abel-Jacobi map 
a is G-equi variant, the induced action G^F(Y) preserves the symplectic 
form aF(Y) if and only if G preserves Res-p-. So, we get the following lemma. 

Lemma 2.3. Assume that G preserves Y . Then G preserves the symplectic 
form aF{Y) on F{Y) if and only if G preserves Res-U- 
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3 First example 



We first recall results of [Namj . We define a smooth cubic 4- fold Y by 

y := {(2:0 : ■ ■ ■ : Z5) e ^^\f{zo, z^, z^) + g{z^, z^, z^) = 0}. 
Define two elliptic curves by 

C := {(;2o : ^1 : ^2) e PV(^o, ^1, ^2) = 0} 



and 
We put 
and 



D := {(Z3 : z^ : z^) G P^|c/(z3, z^, Z5) = 0}. 
Pc = {{zo ■.■■■■.z,)e F'^lzs = z^ = z, = 0}, 



Pd = {{zo : ■ ■ • : zs) e F''\zo = z, = Z2 = 0}. 

Notice that C C Pc and D C Pd- Assume that G C PGL{5) is the cyclic 
group Z3 of order 3 generated by 

/I \ 



V cj 

where ( = exp(27rv^^/3). 

Let us consider the natural group action : 

Zs^F^ 3 {zq : zi : Z2 : Z2, : Zi : z^) ^^ (2:0 : Zi : Z2 : C^3 : C^4 : C^s)- 

Since Z3 preserves Y , the action induces the Z3-action on F{Y). 

Lemma 3.1. The induced action 'L^'~^F{Y) preserves the symplectic form 
(Tf{y), o,nd the singular locus of := FiY)/!^^ is isomorphic to CxD. The 
singularity is A2 ■ In particular X^.^ has a crepant resolution v : X^^ ■ 



Proof. By Lemma 12.31 the induced action Z3^F(y) preserves the symplec- 
tic form crir(y). The singular locus of Xz^ is isomorphic to the fixed locus 
Fixz3(F(F)) of the Z3 action on F{Y). We remark that Fixzs(Y) is the 
disjoint union C U D. If a line / is in Fixi,^{F{Y)), then Z3 acts on the line 
/. / has two fixed points by the Z3 action. So / G F{Y) is in Fixi^{F{Y)) if 
and only if / passes through a point p E C and q E D. Hence Fixz.^{F{Y)) is 
isomorphic to C x D. 
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C = {f{zo,Zl,Z2) = 0} 



)) = {l={p,q)\p&C, qeD} 
D = {5(^3, ^^4, ^5) = 0} 



Since Z3 preserves o'p^Y)^ A2 singularities along C x D. So, X^g 

has a crepant resolution u : Xz.^ Xz^ ■ □ 

Proposition 3.2 ( [Namj 1.7.(iv)). The notation being as above, Xz^ is bi- 
rational to K'^{C x D). 

Proof. We first define a rational map if) : Xz^ K'^{C x D). Let / be in 
FiY), and [I] the orbit of / by the Z3 action : [/] = {/, r(/), t2(/)}. Let PF; 
be the linear space spanned by 1,t{1) and r^(0- If we choose I G -F(i^) in 
general, then Wi is isomorphic to and both Pc fl Wi and Pd fl Wi are lines. 
Furthermore we may assume that the cubic surface S := Wi (1 Y is smooth. 
There are 27 lines in S |Harj . Notice that three lines 1,t{1) and t^(/) are 
contained in S. 

We will prove follwoings. 

1. There are three lines mi, 1712 and ms such that rrii does not meet mj 
{i 7^ j), and each rrii meets / at one point (respectively r(/), t^(0)- See 
also Figure [H 

2. The set of three hues is unique, and 

3. each mi {i = 1, 2, 3) is fixed by the Z3 action. 

Indeed the cubic surface S is the blow up of along 6 points Oi, . . . ,05. 
Let Ei be the exceptional (— l)-curve over a^, Cj the proper transform of the 
conic passing through 5 points except Oj, and Lij the proper transform of line 
passing through and aj. We may assume that Ei = I, E2 = t{1) and E^ = 
t'^{1). By the configuration of lines, each rrii is given by mi = C4,m2 = C5 
and ms = Cq. There are exactly six lines which does not intersect t''{1) {k = 
0, 1, 2). These six lines are given by L45, L^q, L^q, £'4, E^ and Eq. Since Z3 acts 
on the set {Ei, E2, E^,}, Z3 acts on the set {L^^, L^q, L^q, E^, E^, Eq}. Since 
the order of Z3 is 3, Z3 acts on the two set {L45, L^q, L^q} and {E4, E5, Eq}. 
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If £'4, and are not fixed by Z3 then all lines in S move by the Z3 action. 
Since there are 9 lines in S fixed by the Z3 action, three lines £^4, E^, and Eq 
are fixed by the Z3 action. Hence three lines mi, m2 and ms are fixed by the 
Z3 action. In particular rrii {i = 1, 2, 3) meet C (resp -D) at one point. 

Put Pi = rrii n C and qi = nii H D. Since three points {^1,^2,^3} (resp. 




Figure 1: Picture of if) and if 

{^i) 92, Q's}) are in the line Pc n IV/, the sum pi + ^2 + is G C (resp. 
9i + ^2 + q'3 = G -D). So we get an element {(pj, of K^(C x D). We 

define as: 

: ir^^C X D),^([/]) = {(p.,g.)}Li. 

We next define a rational map ip : K'^{C x D) --->• X^g. Let {(pi, 
be in K'^{C x D). We may assume that pi 7^ pj and 7^ {i 7^ j). Let 
mj(z = 1,2,3) be the line passing through pi and g^. Let M be the linear 
space spanned by mi, m2 and m3. Then M is isomorphic to P^. Let be the 
cubic surface M HY. We remark that S is smooth. By the configuration of 
27 lines, there are exactly three lines li, I2 and Z3 such that /j fl Zj = (i 7^ j), 
and each /j meets nij = 1,2,3) at exactly one point. We notice that 
mi, 7712 and m3 are fixed by the Z3 action on S. By the uniqueness of the set 
of three lines, we have 

Z3^{/l,/2,/3}^{/l,/2,/3}. 

Since each li is not fixed by the Z3 action, we may assume that t(Zi) = I2. 

By the uniqueness of the set of three lines, both (p and ip are birational 
maps. In particular, <f~^ = ip. □ 

3.1 On the indeterminacy of the birational maps 

In Theorem 13.51 we will prove that ip and ip is given as the Mukai flop on 18 
disjoint copies of P^. The key lemma of the proof is Lemma 13731 In the proof 
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of Lemma 13.31 we give the geometric description of the exceptional divisor 
of V : by using G-Hilbert scheme. Let X be a smooth projective 

variety over C We assume that a finite group G acts on X. Then we define 
G'-Hilb(X) as 

G-Hilb(X) := {Z e Ei\h*^ {X)\Oz = C[G] (as G modules)}. 

and we call it G-Hilbert scheme of X. Let z be in Xz^ and we assume that z 
is not in the exceptional locus Exc(z/) of u. Then z is the orbit of / G F{Y) 
by the Z3 action. Hence z is identified with Z G Z3-Hilb(-F(y)). Assume 
that z is in Exc(z/). On a neighborhood of Fix(Z3), the Z3 action can be 
identified with 

Z3 r> SpecC[xi,X2,X3,X4], (xi, X2, X3, X4) 1-^ (xi, X2, (^3, CX4). 

By using the G-graph, we see that Z3-Hilb(SpecC[xi, X2, X3, X4]) is isomorphic 
to X Z3-Hilb(C^) (See |Nakj ). So Z3-Hilb(SpecC[xi, 0:2, X3, X4]) is a crepant 
resolution of C^/Z^. Since this crepant resolution is unique, the element z of 
Xz,3 can be identified with the element Z of Z3-Hilb(F(y)). By pulling back 
the universal family £ of F{Y), we get the family of lines £z over Z. 

Cz ^ C C F{Y) X P5 ^ p5 

Z -F(y) 

The support of Cz is I U r(/) U t^(/), where / G -F(V'). Here we put [/] : = 
/ U r(/) U T^(/). When / is not in the fixed locus of the Z3 action, Cz is 
uniquely determined by [/]. If / is in the fixed locus of the Z3 action, then Z 
is not determined uniquely by [/]. 

Let P2 be the second projection p2 : F{Y) x P^. For each Z, take 

the smallest linear subspace L contained in P^ such that Cz C P2^{L). We 
call this L the linear space spanned by Cz (or simply Z). In a generic case, 
Z spans P^. In some special cases Z spans P^. 

Lemma 3.3. Assume that the line I G F{Y) is in the fixed locus of the Z3 
action, that is, I passes through p E C and q E D. We only consider Z G X^s 
such that the support of Cz is I. Then Z is parametrized by the tree I U J' 
of two projective lines X and J . 

1. Assume that neither p nor q are 3-torsion points. Then Cz spans P^, 
for each Z . 

2. Assume that both p and q are 3-torsion points. There exists exactly 
one point on each P^ such that Cz spans P^. These two points are not in the 
intersection X (1 J'. For other points, Cz spans F^. 
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3. Assume that p is a 3-torsion point and q is not a 3-torsion point. 
There exists exactly one point on the tree such that Cz spans . Moreover 
this point is not in the intersection Xr\ J . Otherwise Cz spans P^. 

When g is a 3-torsion point and p is not a 3-torsion point, we have a 
similar situation to 3. 

Proof. Let Z e be a closed subscheme of length 3 such that the support 
of jCz is the line passing through p & C and q & D. Let {x : y : z : u : v : w) 
be the homogeneous coordinates of P^, consider the cubic 

Y :^ {{x : ■ ■ ■ : w) e P^|/(a;, y, z) + g{u, v, w) = 0}. 

Let C and D be elliptic curves defined by 

C := {{x : y : z) e F^\f{x,y,z) = 0}, D := {{u : v: w) e F'^\g{u,v,w) = 0}. 
We put 

Pc -.^ {{x : ■■■ -.w) e F^\u = -y = w = 0}, 

and 

Pd-.^ {{x : ■■■ :w) e F^\x = y = z = 0}. 
1. By changing coordinates, we may assume that 

p = (0 : : 1), f{x, y, z) = x{x — z){x — az) — y'^z, a G C — {0, 1} 

g = (0 : : 1), g{u,v,w) = u{u - w){u - pw) - v'^w, (3 e C - {0, 1}. 
So the line I is given by: 

/ = (0 : : A : : : /x) where (A : /x) G P\ 

Let G(2, 6) be the Grassmann manifold parameterizing 2-dimensional sub- 
space of C^. We will give coordinates system around I by using the local 
coordinates of G(2, 6). We define two hyperplanes 

= 0} := {(x : y : • • • : e P^|^ = 0}, 
{w^Qi}:^{{x:y:---:w)e P^jw = 0}. 

Then the intersection = 0} n / is p = (0 : : 1 : : : 0) and the 
intersection = 0} fl Hs g = (0 : : : : : 1). Let (t^o, lii, 1x3, 1*4) be 
affine coordinates of the hyperplane {w — 0} around p : 

{uo : Ui : 1 : U3 : U4 : 0) e F^. 
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Let {vq,Vi,V3,V4) be affine coordinates of the hyperplane {z = 0} around q : 

{vo : vi : : vs : V4 : 1) e 

Let Ui be an open neighborhood of I in G(2, 6). The local coordinates of Ui is 
given by {uo,ui,U3,U4,vo,vi,vs,V4). Indeed, for each {uq,--- ,V4) G Ui, the 
corresponding line I is given by 

(mo, ■ ■■ ,V4) ^ I := X{uo : Ml : 1 : Ms : M4 : 0) + fi{vo : : : Ms : : 1) 

The line I e G{2, 6) is in F{Y) if and only if I is contained in Y. Therefore 
we have 

(/ + g)(l) = X^Fi + X^plF2 + XpL^Fs + pi^F^ = 0, for V(A : pt) e 
So we get the following equations 
Fi := Uq — {a + 1)uq + auo — ul + u^ — 

F2 :— SmqMq — (a + 1)2moMo + otVQ — 2miMi + 3M3M3 — (/3 + 1)^3 — u\ — Q 
F3 := "iuQvl - (a + l)vl -vl + "iu^vl - (/? + 1)2^3^3 + I3uz — 2U4V4 = 

By the implicit function theorem, we can choose the affine coordinates of 
F{Y) as (mi, M4, Ml, M4). 

Let us consider the exceptional divisor of u : ^Zs- Locally, the Z3 

action on F{Y) can be written as 

Z3'^(mi, M4, Ml, M4) 1-^ (mi, Cu4, CV, M4). 

The exceptional divisor of Z3-Hilb(SpecC[Mi, M4, Mi, M4]/Z3) is given by Ei + 
E2, where 

El — {(mi — a, M4 — fj,, ui, M4M1, Ml, aM4 + bvl)\{X, ji) e C^, (a : 6) e P^}, 

E2 — {(mi — a, M4 — /X, M4, M4, M4M1, M^, CM4 + rfMi)|(A, 11) e C^, (c : (i) G P^}. 

Here we identify the sub-schemes with their defining ideals. Since the line / 
corresponds to the origin, when Z e Ei, the ideal sheaf of Z in G{2, 6) is 

I{a:b) = {Fi, F2, Fs, F4, Ml, M4, M4, M4M1, Ml, aM4 + bvf), (o : 6) G P^ 

When Z e E2, the ideal sheaf of Z in G{2, 6) is 

J{c:d) = {Fi, F2, Fs, F4, Ml, M4, m|, M4M1, Ml, CM4 + dvi), (c : d) e P^ 

10 



By the calculation of generators of ideals, we have 

I{a:b) = (^^0, ^"3, ^"0, - v^, Ui, V4, tig, U4Vi,vl, au^ + hvl), {tt : b) & 

J{c:d) = {uq, Us, V3, avo + ul, Ml, V4, M4, u^vi, vf, cul + dvi), {c: d) e 

In particular, Z is parametrized by XU JT" where X = {/(a:fe)|(a : b) e P^} and 
J = {J(c:d)\{c : (i) e P^}. Assume that Z is defined by I(a:b)- The family of 
line Cz over Z is given by 

= {(0 : /xvi : A : Xu^ : XU4 : /x)|m3 = = Pu^—vf = au^+bvl = u^Vi = 0}. 

Since (3u3 — vf — au4 + bvf = 0, we get an equation 01*4 + bf^us — 0. So, the 
linear space I/(a:6) spanned by Cz is 



^{a:b) 



{{x : y : z : u : V : w) E P^|x = at; + b^u — 0}. 



We remark that L(a;b) is spanned by the tangent line {x = 0} G Pc of C at 
p and the line {av + b^u = 0} C Pd passing through q & D. 

Assume that Z is defined by J(c:d)- In the same way, the linear space 
M(^c:d) spanned by Cz is 



Mr,:, 



ic:d) 



{{x : y : z : u : V : w) G P^j-u = dy — ca.x = 0}. 



Mi^c:d) is spanned by the line {d,y — cax = 0} C Pc passing through p & C 
and the tangent line {m = 0} C Pd of D at q. So we can draw the following 
picture. 



. (a : 6) = (1 : 0) 



■x = 

C := {J(x - z)(x - az) - y^z = 0} 



p ^ (0 : : 1 : 0:0:0) 




b : = /{u(u — v)(u — 0v) — v^w — 0} 

,{{a/.h) epi} 



g ^ (0 : : : : : 1) 



(a : 6) = (0 : 1), (c : d) = (1 : 0) 



. (c : d) 



(c : d) = (0 : 1) 




C — — ciz) — y^z — 0} 

{{c/.d) e F^} 





p ^ (0 : : 1 : : 








= / 




(0:0:0:0:0:1) 
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2. By changing coordinates, we may assume that 
p = (0 : 1 : 0), f{x, y, z) — x{x — z){x — az) — y^z^ a e C — {0, 1} 

and 

g = (0 : 1 : 0), g{u, v, w) = u{u -w){u- pw) - v^w, /? e C - {0, 1}. 

Let Ui be a neighborhood of / in G(2,6). Local coordinates of Ui are 
given by {uq, U2, U3, U5, Vo, V2, Vs, V5). The corresponding hne / to {uq, ■ ■ ■ jV^) 
is given by 

{uo, • • • , f 5) ^ r := X{uo : 1 : U2 : U3 : : U5) + ii{vo : : V2 : V3 : 1 : V5) 

Since (/ + g){l) should be zero for each (A : /x) G P^, we have 

(/ + gm = A'Fi + AVi^2 + A/x^Fa + i^^F^ = 0. 

Let dFi be the exterior derivative of Fj (i — 1, - ■ ■ ,4) at the origin. Then we 
have 

(^dFi dF2 dF^ dF^j = (^—du2 —dv2 —du^ —dv^j . 

The local coordinates around / G F[Y) is given by {uq,U3,Vq,V3). The Z3 
action on F{Y) is locally given by 

Z3'^F(y), {uo, U3, Vo, V3) ^ {uo, Cu3, Cvo, V3). 

The exceptional divisor of Z3-Hilb(SpecC[Mo, M3, fo, t's]) is given by Ei + E2 
where 

El = {{uq - X,V3- ii,ul,U3Vo,VQ,au3 + too) I (A, /x) G (a : 6) G P^}, 

E2 = {{uo - X,V3 - ii,ul,U3Vo,vl,cul + dvo)\{X,ii) G C^, {c: d) e P^}. 
When Z e El, the ideal sheaf of Z in G{2, 6) is 

I{a:b) = {U2, U5, V2, V5, Uq, V3, M3, U3V0, Vq, ttUs + bv^), (o : 6) G P^ 

When Z G E2, the ideal sheaf of Z in G{2, 6) is 

J{c:d) = {u2, U5, V2, V5, Uo, V3, itg, 1*3^0, Vq, cul + dvo), (c : d) G P^ 

In particular, Z is parametrized by X U JT" where T = | (a : b) G P^} 

and J — {J(c:d)\{c : d) G P^}. Assume that Z is defined by I[a:b)- When 
(a : 6) ^ (1 : 0), Cz is 

J~-z = {{l^vo : A : : AM3 : jd, : Q)\u\ = U3V0 = vl ^ au3 + bvl = 0}. 
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The linear space Lf^a-.b) spanned by Cz is 

L{a:b) — {{x : y : z : u : V : w) & F^\z — w — 0}. 

We remark that I/(a:fe) is spanned by the tangent hne {z — 0} G Pc of C at 
p and the tangent hne {w — 0} C Pd of D at q. When (a, h) — (1, 0), Cz is 

>Cz = {(/x^;o: A:0:0:/x:0)|^;3 = 0}. 

The hnear space L^^.q-) spanned by Z is 

-^(1:0) ^ {z = u = w = Q]. 

The hnear space L(i:o) is spanned by the tangent hne {2; = 0} C Pc of C at 
p and the point q & D. 

Assume that Z is defined by J^c-.d)- In the same way, when (c : c?) 7^ (0 : 1), 
the hnear space M(^c:d) spanned by Z is 

M^c:d) ^ {{x : y : z : u : v: w) e ¥^\z = w = 0}. 

This hnear space is spanned by the tangent hne {z = 0} G Pc of C at p and 
the tangent hne {w — 0} C Pd of D at q. When (c : d) — {0 : 1), Cz is 

£z = {(0 : A : : A-Ua : /X : Q)\ul = 0}. 

So M(o:i) is 

{z — w — X — 0}. 

The hnear space M(o:i) is spanned by the point p & C and the tangent hne 
= 0} C Pd of D at q. 

3. By changing coordinates, we assume that 

p = (0 : 1 : 0), f{x, y, z) = x{x — z){x — az) — y^z, a G C — {0, 1} 

and 

g = (0 : : 1), g{u, v, w) = u{u - w){u - f3w) - v'^w, /? e C - {0, 1}. 

Let Ui be a neighborhood of / in ^(2, 6). Local coordinates of Ui are given 
by {uo,U2,U3,U4,Vo,V2,V3,V4). FoY {uq, ■ ■ ■ , ^4) G Ui, the corresponding line 
/ is given by 

(uo, ■ ■ ■ ,V4) ^ I -.^ X(uo : 1 : U2 : U3 : U4 : 0) + ii{vQ : Q : V2 : : v^: I) 
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When [ e F{Y), we have (/ + g)(i) = A^Fi + X'^i^F^ + A/x^Fa + i^^F^ = 0, for 
each (A,//) e P^. Let dFj be the exterior derivative of Fj (i = 1, • • • , 4) at 
the origin. Then we have 

[dFi dF2 dF^ dF^) = [—du2 —dv2 Pdu^ f^dv^j 

So the local coordinates of F{Y) around I are given by {uo,U4,vo,V4). The 
Z3 action is given by: 

Z3^F(F), {uq, U4, Vq, V4) ^ {Uo, CU4, C^^O, ^'4)- 

The exceptional divisor of Z3-Hilb(SpecC[Ko, 1*4, I'd, '^4]) is given by Ei + E2 
where 

El = {{uo - X,V4- ijl, ul, U4V0, Vq, au4 + bvl)\{X, //) e C^, (a : b) E P^} 

E2 = {{uq - \,V4- fi,ul,U4Vo,vl, cu\ + dvQ)\{\ jji) e C^, (c : 0?) e P^}. 
li Z E El then Z is defined by 

I{a:h) = {u2, Us, V2, V3, Uq, V4, u\, U4V0, Vq, au4 + bv^), (o : 6) G P^ 

If Z e £"2 then the ideal sheaf of Z is 

J(c:d) = {U2, U3, V3, ul + V2, Uo, V4, ul, U4V0, Vq, Cu\ + dv^), (c : d) G P^ 

In particular, Z is parametrized by X U JT" where X = {/(a.ft)|(a : 6) G P^} 
and J — {J{c:d)\{c : d) G P^}. Assume that Z is defined by ■ When 
{a:b)^{l: 0), £z is 

>Cz = {{hvq : a : : : Xu4 : iJi)\u\ = U4VQ = Vq = au4 + bv^ = 0}. 

The linear space L(^a:b) spanned by Cz is 

L{a:b) = {Z = U = 0}. 

This linear space is spanned by the tangent line {z = 0} G Pc of C at p and 
the tangent fine {w — 0} C Pd of D at q. When (a : 6) (1 : 0), Cz is 

Cz = (a^i^o : a : : : : = 0}. 

Then the linear space I/(i:o) spanned by Cz is 

-^(1:0) = {2; = w = f = 0}. 



14 



This linear space is spanned by the tangent hne {z = 0} G Pc of C at p and 
the point q E D. 

Assume that Z is defined by J(c;d)- For each (c : c?) G P^, Cz is 

Cz = ifJ'Vo : A : /if 2 : : Xu^ : lJ.)\u1 + f 2 = M4 = U4V0 = Vq = cu\ + cLvq = 0}. 

Similarly, for each (c : c?) G P\ the linear space M(^c:d) spanned by Cz is 

M(^c:d) = {{x : y : z : u : V : w) G F^\u = cx — dz = 0}. 

The linear space is spanned by the line {cx — dz = 0} C Pc passing through 
the point p and the tangent hne {m = 0} C Pd of D aX q. □ 

To describe the indeterminacy of ip explicitly, we define Q(i) and Q(ii) as: 
(5(1) := {Z G X'z.^\Cz spans and Cz 3 p where p E C and 3p = 0}, 
and 

Q(il) := {Z G Xi.j\Cz spans P^ and Cz 3 q where q G D and 3g = 0}. 

Let Q := U (5(11). We shall prove that the indeterminacy of ip is Q in 
Theorem I3.5[ 

Lemma 3.4. // Cz spans P^, then Cz passes through a 3-torsion point of 
C or D. Furthermore Q(i) is isomorphic to {p G (^|3p = 0} x P^, and (^(ii) 
is isomorphic to {g G -D|3g = 0} x Pc- In particular, (5(i) and Q{ii) are 
respectively isomorphic to 9 disjoint copies o/P^. 

Proof. We first prove the first assertion. Let I be in F{Y). Since the support 
of Cz is / U t{1) U t^(/), we have to consider the following two cases. 

1. /,r(Z) and t'^{1) span P^. 

2. I = t{1) = t'^{1), that is, / is in the fixed locus of the Z3 action. 

1. Let us consider the first case. Let Pi := (/, r(/), r^(/)) be the plane 
spanned by 1,t{1) and t^(/). Then Z3 acts on Pi. The eigenvalue of the 
Z3 action on P^ is 1 or = exp(^^!-^^). So the eigenvalue of the Z3 action 
on the plane Pi is also 1 or (. Therefore we may assume that, for suitable 
coordinates of Pi, the group action Z^^Pi is given by 

Z3^P,, {x : y. z) ^ {x : y. (z). 
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Therefore the fixed locus Fixi,^{Pi) of the Z3 action on Pi is the disjoint union 
of a fine max and a point q^^. Since Fixz^i^^) is Pc U Pd, we may assume 
that mfix = -P; n Pc, qRx = -P/ H Pd. Put p = I (1 ma^. Then p is contained in 
Fixz^iY). Since Fixz3(F) = C U D, p & C. We will prove that the point p is 
a 3-torsion point of C. To prove this, it is enough to show that max meets 
C only at the point p. So we assume that there exists another point p' on 
C n mfix- However PiHY must be three lines and these three lines meet at 
exactly one point p. Since p' is in Y, this is contradiction. Therefore p is a 
3-torsion point of C. Hence / passes through a 3-torsion point of C. 

2. Let us consider the second case. We remark that this case is the limit 
of the first case. Let Z be in X^^ such that the support of Cz is /• By the 
proof of Lemma 13.31 Cz which spans always passes through a 3-torsion 
point. Hence we get the first assertion. 

We shall prove the second assertion for Assume that Z G By 
the above argument, the plane (Cz) spanned by Cz intersect Pd at one point 
and (Cz) n Pc is the tangent line of C at a 3-torsion point. Conversely we 
choose a 3-torsion point p of C and a point q from the plane Pd- Let Ic be 
the tangent line of C at p, and {Ic, q) the plane spanned by Ic and q. There 
uniquely exists Z G X^.^ such that Cz spans {Icq)- This correspondence 
gives isomorphism between (5(i) and {p G C\3p = 0} x P^. Therefore Q(i) 
is isomorphic to {p G C\3p = 0} x Pp. Similarly we can show that Q(^ii) is 
isomorphic to {q G D\3q = 0} x Pc- □ 

To describe the indeterminacy of if : K'^{C x D) --->• X^^, we put 



P(i) 



and 

We remark that 
and 



{(P, qi), (P, 52), (P, gs)} e X /}) |3p = 0}, 
{{Pi,q), {P2,q), {P3,q)} e K\C X D)|3g = o}. 



P(i) = {pe C\3p = 0} X P^ 



P(„) = {pe C\3p = 0} X P^, 

where P^ (resp. P^) is the dual of Pd (resp. Pc). Moreover, P(i) and P(n) 
are respectively isomorphic to 9 disjoint copies of P^. 

Theorem 3.5. The hirational map ip : --^ K^{C x D) is decomposed 
into the Mukai flop on Q, and if is decomposed into the Mukai flop on P(i) U 
P(ii). In particular, the indeterminacy of ip is Q, and the indeterminacy of 
if is P(i) UP(n). 
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The proof of Theorem 13.51 is long. Before starting the proof, we would 
like to explain the strategy of it. 

Step 1. We will blow up X^^ along Q. We denote it by vr : ^ X^^. 
Now let us consider the situation when an irreducible symplectic 4-fold X 
contains P which is isomorphic to P^. Since is a Lagrangian manifold, the 
normal bundle Npjx of P in X is isomorphic to the cotangent bundle of 
P. Let BpX — X be the blow up along P. Then the exceptional locus is 
isomorphic to 

BpX D r := {{x,H) ePx P^|x e H} ^ P C X, 

where is the dual of P. By Fujiki-Nakano contraction theorem, there 
exists a birational contraction morphism BpX — > X"*" such that the excep- 
tional locus is isomorphic to F ^ P^. So, we will blow down W in another 
direction vr"*" : — > W~^. Here is a Moishezon 4-fold. We shall prove 
that is actually a projective manifold in Proposition 3.11. 

Step 2. We will define a morphism fi' : W ^ K'^{C x D). We will prove 
that fi' factors through W~^. Namely there is a map fi~^ : K'^{C x D) 

such that /i"*" o TT"*" = /i'. 

Step 3. We will prove that is isomorphic to K^{C x D). The following 
diagram illustrates three steps above. 



W 




K\C X D) 

Let us consider Step [TJ We first construct the blow up tt : W —>■ X^^ . 

Proposition 3.6. Let G(4, 6) he the Grassmann manifold which parametrizes 
4 dimensional linear subspaces o/C^. We define W by 

W ■.= {iZ,L)eXz,xGiA,Q)\CzCL, 

both Ln Pc and Ln Pp, are lines}. 

Then the natural projection it : W ^ X^g is the blow up along Q. 
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Proof. Let n' : BqXi^ — > X^, be the blow up of along Q. Let Exc(7r') 
be the exceptional divisor of vr' and Exc(7r) the exceptional divisor of tt. 

We will define the morphism / : BqXi.^ — > W . Outside of the exceptional 
divisors, we define / by / := 7r~^o7r'. On Exc(7r'), we define / in the following 
way. On ('7r')~^((5(i)), the morphism tt' is defined as follows: 

{{p,x,H)eC X PdX Pl\^p = Q,xeH} ^ {{j),x) eC X Pd\^V = ^} 

By Lemma 13.4^ (p, x) determine e Q(i) uniquely. Here let /c,p be the 

tangent line of C at p. Hence we define a morphism / : Exc(7r') — >■ Exc(7r) 
by f{p, X, H) = {Z(p^x), {^c,p, H)) where {lc,p, H) is the projective linear space 
spanned by lc,p and H. In the same way, we can define / on {ti')^^{Q{ii))- 
Since / is bijective, W is the blow up along Q. □ 

As we remarked, by Fujiki-Nakano contraction theorem, there exists a 
contraction morphism vr"*" : — > . Note that on Exc(7r+), tt^ can be 
identified as 

W D Exc(7r+) 3 {Z,L)^Le G(4, 6). 

We choose w G 7r+(Exc(7r+)) and fix it. We remark that for each {Z,L) G 
{7T~^)~^{w), L is uniquely determined by w. 

Next let us consider Step El We first define fi' : W K'^ {C x D) hj 

fi'{Z, L) := {{pi, qi)]1=i where (p,, qi) C L n Y, {pi, qi) nCz 

The map ^' is well-defined. 

Lemma 3.7. The map fi' factors through , that is, there is a map fi'^ : 
W+ ^K^{C X D) such that /i+ o 7r+ = /x'. 

Proof. Let w be a point of . We define /i"^ in the following way: 

^^^{w)■.= ^,'{{^i^)-\w)). 

If /i"*" is well-defined then the assertion of Lemma 13.71 is clear. So, we will 
prove that /i'((7r+)^^(w)) is independent of the fiber {tx^)^^{w). If w is not 
in 7r+(7r^^((5)), then {ti^)^^{w) fl ii^^iQ) = 0. Since the fiber is unique, fi~^ 
is well-defined. 

Assume that w is in {n^^ (Q)) . Let {Z,L) G (n^)^^ (w) . As we re- 
marked, the linear space L is uniquely determined by w. Then exactly one 
of the following two cases will happen. 

1. L n Pc is a tangent line of C at a 3-torsion point. 
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2. L f] Pd is a tangent line of D at a 3-torsion point. 

We may assume that the first case occurs. By Proposition 13.61 (7r+)~^(w) 
is parametrized by the fine L fl Pd- Assume that L fl Pd H D consists of three 
points {qi,q2,q3}- For each {Z,L) E {n^y^{w), 

f^'iZ, L) = {{p, gO, (P, ^2), (P, qs)} G K^iC x D). 

Therefore the map fi~^ is well-defined. □ 

We consider Step [3] to complete the proof of Theorem 13.51 We will prove 
that the map is isomorphism on the smooth locus of K^{C x D) in the 
following Lemma. 

Lemma 3.8. The map is an isomorphism on the smooth locus of K'^iC x 
D). 

Proof. Take {(pi, from the smooth locus of K'^{C x D). We will prove 

that the fiber (yU+)^^({(pj, gj)}) (for short is one point. Let 

Ic C Pc (resp. Id C Pd) be the line passing through three points 
(resp. {gijf^i). We have to consider the fibers of fi~^ in the following cases. 

1. K'^{C X D) 3 {{pi, qi)}f=i where pi ^ pj {i ^ j), and qi 7^ qj {i ^ j). 

2. K'^{C X D) 3 {{pi, qi)}i=i where pi = p2, Pi ^ Ps and qi ^ qj {i ^ j). 

3. K'^{C X D)3 {{pi, where pi = p2, Pi ^ Ps and q2 = gs, ^2 7^ gi- 

4. K'^{C X D) 3 {{pi, qi)}i=i where pi = p2 = p^ =: p, and qt ^ qj {i ^ j). 

1. Let us consider the first case. In this case, the fiber {{pi,qi)}^+ is 
isomorphic to the fiber {fJ'')~^{{{Pi,qi)}) (for short {{pi,qi)}^i')- So assume 
that {Z,L) G {{pi,qi)}^'- The linear space L is spanned by Ic and Ld, and 
the cubic surface LCiY is smooth. As we wrote in Proposition [Hill Z consists 
of three lines /, r(/) and t^(/). In particular Z is uniquely determined. Hence 
the fiber is one point. 

2 and 3. Notice that the case 3 is the limit of the case 2. Since {{pi, qi)}fj.'^ 
= 05 the fiber {(pj,gi)}^' is isomorphic to the fiber {{pi,qi)}^+- Let 
{Z,L) G {{pi,qi)}ij.'- The linear space L is spanned by Ic and Id- Let us 
consider the cubic surface L (lY. There is a line I G L (lY which intersect 
three lines {{pi,qi)}f^^. In both case 2 and 3, the line / passes through pi 
and qs. Notice that the line / is in the fixed locus of the Z3 action on F{Y). 
Since there uniquely exists Z such that Cz spans L, the fiber is one point. 

4. Let us consider the fourth case. Assume that {Z,L) G {{pi,qi)}^'. By 
the similar argument in the proof of Lemma [3.71 {{pi, qi)}fj,' is parametrized 
by the line Id- Since {{pi,qi)}ii' is contracted to a point by vr"*", the fiber 
{{Pi, qi)}fi+ is one point. □ 
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We will use the following result to complete Step El 

Proposition 3.9 ( |F-N] ) . Let Y be a locally Q factorial symplectic variety, 
and suppose that there is a projective crepant resolution of Y : tt : X 
Y. If the exceptional divisor of n is irreducible, then ir is a unique crepant 
resolution, that is, if there is another crepant resolution n' : X' ^ Y then 
the natural birational map vr' o is an isomorphism. 

Since the exceptional divisor of fi : K'^{CxD) —>■ K'^{CxD) is irreducible, 
it is enough to show that is projective. We will observe the fiber of 
singular points of K^{C x D) by |U+ and prove that is projective 

Proposition 3.10. Let E be the exceptional divisor of fi^ : K'^{C x 

D). Then ~E is ^'^ -ample. In particular is a projective manifold. 

Proof. We first consider the fiber of singular points by . By Lemma [3.81 
the exceptional divisor of tt^ is contained in the inverse image of the singular 
locus of K'^{C X D). We will use the same notation in the proof of Lemma 
13. 8[ By symmetry we have to consider the following three cases. 

1- {{Pu (li)Yi=i e K'^{C X D). pi = p2 =: p, Pi7^P3 = -2p and qi = q2 =: 

Qi 7^(13 = -2g. 

2- {{Pi,qi)}i=i ^ ^^{C X D). p^ = p2 = p3 =: p and gi = q2 =: q, 
Qi 7^(13 = -2g. 

3- {{Pi, qi)}f=i e K'^{C X D). pi = p2 = P3 =: p and q^ = q2 = qs =: q 

1. Let us consider the first case. We claim that the fiber is 
isomorphic to F^. Since {(pi, q'i)}^*' H '^~^{Q) = 0? we have {{pi,qi)}ij,+ = 
{{PiyQi)}ij.'- So, let {Z,L) G {{pi,qi)}^'- Since the linear space L is spanned 
by the line Ic and Id, L is unique. There are infinitely many lines in the 
cubic surface L (lY which intersect with two lines {p,q) and ( — 2p, —2q). 
Here we can draw the following picture of the configuration of lines in L fl F . 



t G (p, q) 



P 




-2p 
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The set of lines can be parametrized by the hne {p,q), that is, the hne / in 
L n F is uniquely determined by t G {p,q)- The cubic surface has singular 
points along the line (p, q) . 

Notice that Z3 acts on the line {p,q)- The fiber {{pi,qi)}^' is isomorphic 
to (p, g)/Z3. Indeed let 4 C LnY be the line passing through t G {p,q)- 
When t G {p,q) — {p,q}, k is not in the fixed locus of the Z3 action on 
F(Y). Hence there exists uniquely Z in X^a such that the support of Cz is 
k U T{lt) U T^ik). When t = pjp passes through p and —2q. Notice that Ip is 
in the fixed locus of the Z3 action on F{Y). By Lemma [3.31 there uniquely 
exists Z G such that the support of Cz is Ip and Cz spans L. Similarly, if 
t = q, then the line Iq passes through —2p and q. By L, Z can be determined 
uniquely. So {{pi,qi)}^+ is isomorphic to (p, g)/Z3. 

2. Let us consider the second case. Recall the notation X defined in third 
case of the proof for Lemma 13^31 We will prove that the fiber {{pi,qi)}^+ 
is parametrized by X. Let {Z,L) G {{pi,qi)}^i'- Then L is spanned by Ic 
and Id. Furthermore, the cubic surface L fl y is given hj {{x : y : z : 
w) G L\y^ + z^w = 0} for suitable homogeneous coordinates of L. The point 
(1 : : : 0) G -L correspond to p. Notice that all lines contained in the 
cubic surface LnY pass through p. 

We claim that the fiber {{pi, Q'i)}^' is isomorphic to the tree IUId of two 
projective line X and Id- Let Pt be the plane spanned by Ic and t G Id- If 
t E Id — {q, —2q}, then fl F is not in the fixed locus. So we can uniquely 
determine Z such that the support of Cz is Pt H Y. When t = —2q, PtHY is 
the line {p, —2q) passing through p and —2q. There uniquely exists Z such 
that the support of Cz is the hne {p, —2q) and Cz spans L. When t = q, 
Pi n y is the line {p,q)- Here recall that I(^a:b) G X is the ideal defined in 
the third case in the proof of Lemma 13.31 Let Z(^a:b) ^ ^z^. be the point 
defined by /(^.fe). For each G X, {Z(^a:b),L) is in the fiber {{pi,qi)}^,'- So 
in the second case, we can not uniquely determine Z. Therefore, {{pi,qi)}^' 
is isomorphic to X U Id- 

Since the line Id is contracted to a point by tt^ : ^ W^, the fiber 
{{pi, qi)}fM+ is isomorphic to X. We draw the picture of the "blow down". 



vr 



■+ 



W+ 



W 



I 



X 



2q 



{{Pi,<li)]ix' 
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3. Let us consider the third case. When {Z,L) G {{pi,qi)}ij,', the linear 
space L is spanned by Ic and In- Moreover the cubic surface L fl y is three 
planes Pi, P2 and P3. Each plane is sent to another plane by the Z3 action. 
Three planes share the line {p, q). So we choose a plane Pi and fix it. 




For each t G (p, g), the set of lines passing through t in Pi is parametrized 
by P^. This parameter means direction of the line passing through t. So we 
call this parameter -Dt(s) where s G P^. For each t, there is a special direction 
Dt{so) which represent the line {p,q). Notice that {p,q) is in the fixed locus 
of the Z3 action on F{Y). Here recall that X and defined in the second case 
of the poof for Lemma 1331 and let I(^a:b) ^ ^ and J(c:d) ^ >J- If we consider the 
blow up — > X^g, then the tree X U JT" appears as the exceptional curves. 
Now let us consider the limit lim^^so Dt{s) for t G {p, q) — {p, q}. This limit 
is independent of t and lim^-^s,) Dt{s) coincides with the intersection I (1 J^. 
If we fiop Xzs --"^ W^, then Dp{s) and Dg{s) are contracted to points. So 
the fiber {{pi,qi)}^+ is the contraction of Hirtzebruch surface P„ Fn by 
(— n)-curve. In particular, the Picard number of the surface is 1. 

We can explain these by the following picture. 



TT W+ 




«vvv^v^^=cxccptional curve. 



Let E be the exceptional divisor of /i^. E has a fibration over the singular 
points of K'^{C X D). A general fiber of the fibration is and there are 81 
singular fibers P„. Since the Picard number of P„ is 1, all curves contracted 
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by iJ,'^ are algebraically equivalent to a general fiber 

e = (/^+)"'({(p, q), ip, q), (-2p, -2q)}). 

Since the normal bundle of ^ is trivial, the intersection number £■) is —2. 
Therefore — £^ is //"'" ample. □ 

3.2 Birational symplectic models of Xzs 

Finally let us consider other birational symplectic models of Xi^ which are 
different from K^{C x D). We define divisors needed later. Let Ei be the 
irreducible component of Exc(z/) : X^.^ X-^.^ such that E\ meets Q^i). and 
Ex does not meet (5(ii)- Similarly, let E2 be the irreducible component of 
Exc(i/) such that E^ meets Qpi), and £^2 does not meet We remark that 
Exc(z/) is ^1 + ^2- Here let K'^{C x --^ be the Mukai flop on P(i), 
and K'^{C x D) Xn the Mukai flop on P(„). 

Theorem 3.11. Assume that C and D are "not" isogenus. Then there are 
exactly 4 birational models of Xi^, that is, there are 4 projective irreducible 
symplectic manifolds K^{C x D), X^.^, Xi and Xu which are birational to 
K^{C X D). The movable cone of Xz^ is decomposed into the ample cones of 
these 4 models in the following way. 




K'^iC X D) 

Each codimension 1 face corresponds to the folhnving contraction morphism. 



Face 


Morphism 


oc 


Contraction ofF(i-^ 


od 


Contraction ci/P(ii) 


cd 


i^2(C xD)-^ K^{C X D) 


ab 


Contraction of Ei 


ae 


Contraction of E2 


ob 


Contraction of Qqi) 


oe 


Contraction of Qij^ 


be 


Contraction of Ei 


de 


Contraction of E2 
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Vertex 


Morphism 


c 




d 







Contraction of 18 copies o/P^ 


a 




b 


contraction of Ei andQ^ny 


e 


contraction of E2 and Q(i). 



Here Ei is the proper transform of Ei in Xi, E2 is the proper transform of 
E2 in Xii. 

We will provide the proof into three parts. We always assume that C and 
D are not isogenus. 

Lemma 3.12. The ample cone of K'^{CxD) is given by the following picture, 
where Hi (resp. H2, 6H1 + 6H2 — E) is the supporting divisor of the vertex 
c (resp. d, o). 




The divisors Hi, H2 and E will he defined in the proof. 

Proof. Since C and D are not isogenus, the Picard number of K'^iC x D) is 
3. Let E be the exceptional divisor of ^ : K'^{C x D) ^ K^{C x D). We 
have the following commutative diagram. 



K'^{C X D) 




K\C) K\C X D) K\D) 

Let He (resp. Ho) be the pull back of the tautological line bundle (9p2(l) 
by the isomorphism K'^iC) — >• (resp. K'^{D) — >• P^). We define Hi and 
H2hT. 

Hi:=7r*i{Hc), H2 := t^HHd). 

Let X be a line in P(i), y a line in P(ii) and z a rational curve which can be 
contracted by ji. Write ji^z) = {(p, (p, (— 2p, — 2g)} and assume that 
neither p nor q are 3-torsion points. 
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Since x is contracted by tti, the intersection number (x, Hi) is zero. Since 
is an isomorphism on one connected component of P(i), we have (x, H2) = 
1. In the same way, {y,H2) = 0, and {y,Hi) = 1. Since z is contracted by 
TTi and 712, we have {z, Hi) = {z, H2) = 0. Since the normal bundle of z in E 
is trivial and z is isomorphic to F^, {z, E) = —2. The intersection E fl P(i) is 
given by 

EnP(i) = {{{p,q),{p,q),{p,-2q)} e K\C X D)\3p = 0,q e D}. 

So, n P(i) is isomorphic to 9 copies of the curve 

{{q,q, -2q}EK'mQ(^D}. 

This curve is isomorphic to the dual curve of D. Since degZ)^ = 6, 
(x, E) = 6. Similarly, we have {y, E) = 6. From these arguments, we have 
the the following table of intersection numbers. 





Hi 


H2 


E 


X 





1 


6 


y 


1 





6 


z 








-2 



Clearly both Hi and H2 are nef. We will prove that QHi + QHi — E 
is nef. Notice that QHi (resp. QH2) is lineally equivalent to vr^C^ (resp. 
TTg-D^). Since tt^C^ contains the singular locus of K'^{C x D), txIC^ has 
two irreducible components. Let Fi be the proper transform of 7fj['C^ and 
F2 the proper transform of vfg-D^. Assume that tt^C^ ~ aFi + for some 
numbers a and 6. Since {z, Fi) = 1 and {y, Fi) = 0, we have vr^C^ = 2Fi + 
Similarly, vr^D^ ~ 2F2 + Assume that 6H1 + 6H2 - E is not nef. Then 
there is a curve ^ such that (^, 6iJi + 6/^2 — E) < 0. Since 6ifi + 6i/2 — E is 
linearly equivalent to the following divisors, ^ should be contained in Fi nF2. 

QH1 + QH2-E ~ nlC^ + 6H2 - E = 2Fi + 6H2 
~ ei/i + Tr^D"^ -E = 6Hi + 2F2. 

By using the cone theorem, we can contract ^. Theorem 1 in [Kaw] says 
that the exceptional locus is covered by rational curves. Since Fi fl F2 is 
isomorphic to x D'^ , Fi fl F2 does not contain the rational curve. So, 
QHi + QH2-E is nef. _ _ 

By the table of intersection numbers, the face oc (resp. od and cd) defines 
the contraction of x (resp. y and z). □ 

Lemma 3.13. The ample cone of Xz^ is given by: 
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Each supporting divisor will be defined in the proof. 

Proof. Let K'^{C x D) Xq be the contraction of P(i) U P(ii). By Theorem 
13.51 there exists a projective morphism cf) : X^,^ — > Xq, and we have the 
following diagram: 



W 




Let be an ample divisor of Xq. Then we may assume that (I)*Hxq is 
numerically equivalent to the proper transform of QHi + QH2 — E. Let x be a 
rational curve in Ei which is contracted hj u, y a rational curve in E2 which 
is contracted by z/, 2; a line in Q(i), and w a line in Q(ii). 

Clearly (x, E2) = {y, Ei) = 1. Since the normal bundle of x in Ei (resp. y 
in E2) is trivial, {x,Ei) = —2 (resp. (y, -^2) = —2). By the definition of Xq, 
we have {z,(j)*Hxo) = ("U^, 0*-f^Xo) = 0. Since (^(i) H Ei is isomorphic to D, 
we have {z, Ei) = 3. Since Q(i) fl -E2 = 0, we have {z, E2) = 0. Similarly, we 
have (w, E2) = 3 and {w, Ei) = 0. Recall divisors Fi, F2 and E of /^^(c x D) 
defined in the proof for Lemma [3. 121 Let Fi, F2 and ii^ be a proper transform 
of Fi, F2 and E respectively. By Lemma [3^ we have Fi = Ei and F2 = E2. 
Here, we will prove that {x,(j)*Hxo) = 2. Let Z G Xza be in the curve x. 
For each Z, the support of Cz is a line (po, passing through pq E C and 
go G F). Then x H £^ is identified with 4 points {g G -D| — 2g = go}- Hence 
(x, ^) = 4. Since 6H1 + QH2 - E 2Fi + 2F2 + E, we have the following 
equation: 

4 = (x,E) = (x,0*//xo-2Fi-2F2) 

= (x,0*/7xo)-2(x,Ei)-2(x,E2). 

Hence we have (x, 0*ifxo) = 2. In the same way, we have (y, 0*//x„) = 2. 
Therefore we get the following table of intersection numbers. 
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El 


E2 


X 


2 


-2 


1 


y 


2 


1 


-2 


z 





3 





w 








3 



We will prove that the divisor (jfRx^ + 2£'i + 2E2 defines the morphism 
z/ : X^g. Suppose that the vertex a is generated by z/*if, where 

H is an ample divisor of Xj^.^. Since the Picard number of Xj^.^ is 3, we 
put z/*i/ = a(j)*Hxo + bEi + CE2 for some numbers (a, 6, c). Since both 
(x, I/*//) = {y, u*H) = 0, we have b = c = 2a. 

We will prove that both (j)*Hxo + Ei and (f)*Hxo + -E2 are nef. From 
symmetry it is enough to prove it only for (p*Hxo + Ei. Since (p*Hxo is nef, 
the curve ^ such that {^,(j)*Hxo + Ei) < should be contained in Ei. We 
can contract ^ by the cone theorem, and Theorem 1 in [Kawj says that such 
a curve must be rational. Since Ei is bundle over C x Z), it is enough to 
check that (x, (f)*Hxo + Ei) > 0. By the above table of intersection number, 
we have 

{x,(l)*Hx,+E,) = 0. 

Therefore (j)*Hxo + Ei is nef. 

By the table of intersection numbers, we have the correspondence between 
vertices and contraction morphisms in Theorem 13.111 □ 

To complete the proof of Theorem 13.111 we consider the ample cone of 
Xi and Xii. By symmetry, it is enough to prove it for Xi. 

Lemma 3.14. The ample cones of Xi and Xn are given by: 




Proof. Throughout the proof, we use the same notations used in the proof of 
Lemma 13.131 We only prove that the ample cone of is a "tetrahedron" . 
In Xzs, the vertex b corresponds to the contraction of Ei U Q(ii). We denote 
by El C Xi the proper transform of Ei and by x C Xi the proper transform 
of X. Let K'^{C X D) ^ Zi he a. contraction of P(i). By the construction of 
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Xi, there exists a birational contraction morphism ijji : Xj ^ K'^iC) such 
that the following diagram commutes. 




In Xi, the vertex c corresponds to the contraction morphism ipi. Hence 
it is enough to prove that x is contracted by ipi. Assume that Z G X^^ is 
in the curve x. For each Z & x, the support of £.z is the line (p, q) passing 
through p e C (3p 7^ 0) and ? e D (3g ^ 0). Let ^ C K'^{C x D) be the 
proper transform of x. Then the curve ^ C K'^{C x D) is given by: 

e = {{(P, (P, ?2), (-2p, ?)} e K\C xD)\q, + q2 + q^0}. 
So X is contracted hy ipi. □ 



4 Second example 

Let M be the finite subset of PGL{5) defined by 



/ do 



M := lA 



\ 



(15 J 



e PGL{5) 



A is a diagonal matrix, 



#{z|a, = l} = 3,#{i|a, = C} = 3 



Then #M 
define rAi - 



- 10. Let G be the finite group generated by the set M. We 
1, • • • 4) e G respectively by: 





:= {oo = 


Oi 


= a2 


= 1,03 


= a4 


= as = 





T2 


:= {oo = 


Oi 


= as 


= 1,02 


= as 


= a4 = 


C} 


T3 


:= {oo = 




= a2 


= as = 


1, a4 


= Cas 


= e} 


T4 


:= {ao = 


os 


— 04 


= as = 


l,ai 


= C,a2 





Then ri, T2, T3 and r4 are generators of G. So G is isomorphic to Zf^. Let Y 
be a smooth cubic 4-fold of Fermat type: 

y:={(^o:---:^5)eP'ko + --- + 4 



0}. 
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Let C be the Fermat type elliptic curve:{(a; : y : z) E P^|x'^ + if" + = 0}. 
We will consider the induced G-action on F{Y). 

Lemma 4.1. The G-action preserves the symplectic form cxpiY) and Xq = 
F{Y)/G has a crepant resolution Xq- 

Proof. By Lemma [2.31 G preserves the symplectic form o"F(r). We put 
ai = diag{a^\ ■■■ , 4^) G M = 1, ■ ■ ■ , 10). 

We may assume that ai is ti and 02 is T2. Each generates the cyclic 
group of order 3. Let Fix{ai){i = !,■■■, 10) be the fixed locus of the action 
{ai)^F{Y). Then Fix(aj) is isomorphic to C x C 



Fix(ai) ^ C X C 




Each intersection Fix(aj) fl Fix(Q;j)(z 7^ j) consists of 9 points. Since the 
G-action preserves the symplectic form, singularities of Xg is the product of 
two A2 singularities at each point of Fix(aj) fl Fix(aj). So Xq has a crepant 
resolution Xq- □ 

Since G has a complex multiplication, Z3 acts on G in the following way: 

Z3 r> C, X (-^ (x. 
We consider the following Z3 action on C x C: 

Z-^GxG, {x,y)^{Cx,ey). 
Let 5* be the minimal resolution of C x G fZs. Notice that 5* is a K3 surface. 
Theorem 4.2. Notations being as above, Xg is birational to Hilb^(S') 
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Proof. To distinguish two elliptic curves {{zq : Zi : Z2) & F^\zq + zf + Z2 = 0} 
and {{z^ : Z4 : Z5) E F^\zl + zl + z^ = 0} , we call them C and D respectively. 
Let 63 be the symmetric group with degree 3. By Theorem 13.51 we have the 
following birational map: 

Xg F{Y)/{n, r2, n, u) '^^2*- R'i^C x D)/{r2, r,, u) 



(^{C X C X D X D)/es) / {T2,rs,T,). 



We will show that ({C x Df/&^^ j (ra, rg, is birational to Hilb^(S). Let 

a;o(resp. y^) be a 3-torsion point of C(resp. such that C^xq = xq. The 
induced actions of T2, and on (C x D)"^ are give by 

Ta^C X C X D X D 3 (xi, Xa, I/2) ^ (C^^i, (2^2, CV, 

T^'^^C X C X D X D 3 {xi,X2,yi,y2) ^ (a^i, ^2, yi + ?/o, 2/2 + Z/o) 

r4^C X C X D X D 9 (Xi, 0:2,1/1,2/2) ^ (Xi +Xo,X2 +Xo,2/l,2/2)- 



Here 63 is generated by 

©3 = 



(T, r cr 



1, err = rcr^). 



and the action (53onCxCxZ}xDis given by 

(T^C X C X D X D 3 {xi,X2,yi,y2) (a;2, - X2, 2/2, -yi - 2/2) 
t'^C X C X D X D 3 {xi,X2,yi,y2) ^ (a;2, a^i, 2/2, 2/i)- 

Let us diagonalize the actions a^C x C . We have the following diagram: 



CxC 



C xC 



f 



CxC 



C X C, 



where the matrix representations of a, f and a are respectively 



a 



1 



1 -ir ' v-c 1 

For r, we have the following diagram: 



cr 



C 




CxC 



f 



CxC 



CxC — ^ CxC 
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where the matrix representations of r and r are respectively 

^=(s 9-^=(c° o)- 

We remark that (xi, X2) G C x C is in the kernel of / if and only if 

C^a;i = a;2, C^^i = X2. So Ker / is {(0, 0), (xq, a;o), (2a;o, 2a;o)}. In same way for 
the action a'^D x D can be diagonalized. So we have 

((CxCxL>xZ})/(o-,r))/(r2,r3,r4) = ((C x C x L> x D)/(r3, r4))/(r2, a, f ). 

Hence 

((C^ X Z}2)/63)/(r2,r3,r4) ^ (C x C x D x D)/(a,f,r2). 

Since (5", T2) is a normal subgroup of (o", f, T2), we have 

(C X C X L» X D)/{a, f, r2) = ((C x C x D x D)/{a, T2)) / (f). 

We can change generators of (cr,r2) from {cr,r2} to {r2 o 5",r2 o a^}. Each 
action of T2 o 5" and T2 o 5"^ are respectively given by 

T20 a^C X C X D X D 3 {xi,X2,yi,y2) ^ (C^a;i, X2, yi, C1/2) 
T2oa^C X C X D X D 3 {xi,X2,yi,y2) ^ (xi, (2:2, CV, Z/2)- 

We identify C x C x D x D with (C x £)) x (C x £)) in the following way; 

CxC xDxD ^ {CxD)x{C xD) 
{xi,X2,yi,y2) ^ {{xi,y2),{x2,yi)). 

The action of f on (C x D) x (C x D) is given by 

f^(C X D) X (C X D) 9 (xi, 2/2, 2:2,1/1) ^ (C^a;2,C2/i,Ca;i,CV)- 
So we have 

((CxCxL>xD)/(a,T2))/(f) ^ Sym2(^(CxD)/Z3). 

Here the Z3 action is the same one as in the first part of this section. So we 
get the conclusion. □ 
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